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Ìîäåëü

Ðàññìàòðèâàåì ìàëóþ ÷àñòü àêêðåöèîííîãî ïîòîêà.

Goldreich & Lynden-Bell (1965).

1) Áåçãðàíè÷íûé îäíîðîäíûé âðàùàòåëüíûé
ñäâèãîâûé ïîòîê.

2) p0 = const, ρ0 = const.

3) y - ëîêàëüíàÿ àçèìóòàëüíàÿ (streamwise)
êîîðäèíàòà.

4) x - ëîêàëüíàÿ ðàäèàëüíàÿ (shearwise)
êîîðäèíàòà.

5) z - ëîêàëüíàÿ âåðòèêàëüíàÿ (spanwise)
êîîðäèíàòà.

* Íàêëàäûâàåì 3D ãèäðîäèíàìè÷åñêèå
âèõðåâûå âîçìóùåíèÿ ∇v = 0.

èç Mukhopadhyay et al. (2005)

Íåò ðàñòóùèõ ëèíåéíûõ âîçìóùåíèé ∝ e=[ω]t ⇒ âîçìîæíà òîëüêî
äîêðèòè÷åñêàÿ òóðáóëåíòíîñòü:

Ñóùåñòâîâàíèå âîçìóùåíèé ñ áîëüøèì òðàíçèåíòíûì ðîñòîì.

Ïîëîæèòåëüíûé íåëèíåéíûé îòêëèê â ðåçåðâóàð òàêèõ âîçìóøåíèé.

Â. Æóðàâëåâ è Ä. Ðàçäîáóðäèí Òðàíçèåíòíûé ðîñò êðîññ-ðîëëîâ



Ìîäåëü

Ãëàâíàÿ èäåÿ ðàáîòû - îáúåäèíèòü àíàëèç âñåõ
öåíòðîáåæíî óñòîé÷èâûõ âðàùàòåëüíûõ ñäâèãîâûõ ïîòîêîâ:

vy = −qΩ0x , ãäå −∞ < q < 2.

Êâàçè-êåïëåðîâñêèé ðåæèì: q > 0.
dL/dr > 0 but dΩ/dr < 0

(àêêðåöèîííûå è ïðîòîïëàíåòíûå äèñêè;
Shakura & Sunyaev (1973), Lynden-Bell & Pringle (1974) ).

Öèêëîíè÷åñêèé ðåæèì: q < 0.
dL/dr > 0 and dΩ/dr > 0

(ïîãðàíè÷íûå ñëîè âîêðóã çâåçä ñî ñëàáûì ìàãíèòíûì ïîëåì;
Shakura & Sunyaev (1988), Popham & Sunyaev (2000) ).

Âàæíûå ÷àñòíûå ñëó÷àè:

1) q = 0 - òâåðäîòåëüíîå âðàùåíèå
2) q = ±∞ - ïëîñêî-ïàðàëëåëüíûé

ïîòîê

3) q = 3/2 - êåïëåðîâñêèé ïîòîê
4) q = 2 - ïîòîê ñ ïîñòîÿííûì óäåëüíûì

ìîìåíòîì èìïóëüñà (ëèíèÿ Ðýëåÿ)
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Ñîñòîÿíèå äåë

Ñäâèã ñêîðîñòè Ëèíåéíàÿ äèíàìèêà Òóðáóëåíòíîñòü Ìåõàíèçì

q = 0
Íåò ðîñòà Íå ñóùåñòâóåò ������

2 < q < +∞ Öåíòðîáåæíàÿ íåóñòîé-
÷èâîñòü ïî êðèòåðèþ
Ðýëåÿ

Ñâåðõêðèòè÷åñêàÿ Âèõðè
Òýéëîðà

q = ±∞ Ýôôåêò lift-up:
òðàíçèåíòíûé ðîñò
ðîëëû → ñòðåéêè

Äîêðèòè÷åñêàÿ
RT ∼ 350

SSP

q = 2 Ýôôåêò anti-lift-up:
òðàíçèåíòíûé ðîñò
ñòðåéêè → ðîëëû

Äîêðèòè÷åñêàÿ
RT ∼ 2000

?

−∞ < q < 0 Óñèëåíèå ñâèíãîì
ñäâèãîâûõ âèõðåé (2D)

Äîêðèòè÷åñêàÿ
(äëÿ |q| � 1) ?

0 < q < 2 Óñèëåíèå ñâèíãîì
ñäâèãîâûõ âèõðåé (2D)

? ?
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Ñîñòîÿíèå äåë

The self-sustaining process (SSP) äëÿ ïëîñêî-ïàðàëëåëüíîãî ïîòîêà q = ±∞.

Ðîëëû âûðàñòàþò â ñòðåéêè
âûñîêîé àìïëèòóäû (ýôôåêò lift-up)

Âòîðè÷íàÿ ëèíåéíàÿ íåóñòîé÷èâîñòü
îòíîñèòåëüíî íå-îñåñèììåòðè÷íûõ ìîä
(Òåîðåìà Ðýëåÿ î òî÷êå ïåðåãèáà â vy (x , z ) )

Ðåãåíåðàöèÿ ðîëëîâ íîâûì
ñóùåñòâåííî 3D ïîòîêîì

Âïåðâûå ïðîäåìîíñòðèðîâàí
Hamilton et al. (1995). Wale�e (1997)

1) Íåò àíàëîãè÷íîãî ñöåíàðèÿ äëÿ ïîòîêà íà ëèíèè Ðýëåÿ q = 2.

2) Íåò àíàëîãè÷íîãî ìåõàíèçìà ëèíåéíîãî ðîñòà âîçìóùåíèé
â öåíòðîáåæíî óñòîé÷èâûõ ïîòîêàõ −∞ < q < 2

(è lift-up, è anti-lift-up ýôôåêòû óïðàçäíåíû ñèëîé Êîðèîëèñà)
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Ñîñòîÿíèå äåë

×èñëåííûé ýêñïåðèìåíò â öåíòðîáåæíî óñòîé÷èâûõ ïîòîêàõ −∞ < q < 2.

Anti-lift-up ⇒ g ≈ 2/(2− q),
÷òî äàåò g(q = 1.94) ≈ 33.

Lift-up ⇒ g ≈ (2− q)/2,
÷òî äàåò g(q = −6) ≈ 4

(íî: äëÿ q = −∞ è RT = 350

èìååì g ≈ 100 ).

Óñèëåíèå ñâèíãîì ⇒ g ≈ (|q|RT )2/3,
÷òî äàåò âàðèàöèþ ñ ôàêòîðîì ∼ 7

âäîëü ÷åðíûõ òî÷åê.
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Lesur & Longaretti (2005).

Ôóðüå-êîä äëÿ âèõðåâîé äèíàìèêè 64
3.

Ñóùåñòâóåò ëè êàêîé-ëèáî èíîé ìåõàíèçì òðàíçèåíòíîãî ðîñòà,
äàþùèé g ≈ const� 1 âäîëü ÷åðíûõ òî÷åê?..
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Äèíàìèêà ëèíåéíûõ âîçìóùåíèé

ux , uy , uz , p - Ýéëåðîâû âîçìóùåíèÿ ñêîðîñòè è äàâëåíèÿ:

(
∂

∂t
− qΩ0x

∂

∂y

)
ux − 2Ω0uy = −

1

ρ0

∂p

∂x
+ ν∇2ux ,(

∂

∂t
− qΩ0x

∂

∂y

)
uy + (2− q)Ω0ux = −

1

ρ0

∂p

∂y
+ ν∇2uy ,(

∂

∂t
− qΩ0x

∂

∂y

)
uz = −

1

ρ0

∂p

∂z
+ ν∇2uz ,

∂ux

∂x
+
∂uy

∂y
+
∂uz

∂z
= 0.

Ïåðåõîäèì ê ÏÔÃ â áåçðàçìåðíûõ ñäâèãîâûõ êîîðäèíàòàõ:

f = f̂ (kx , ky , kz , t
′) exp(ikxx ′ + ikyy ′ + ikzz ′),

x ′ = x/L, y ′ = (y + qΩ0xt)/L, z ′ = z/L, t′ = Ω0t.

Ïðîèçâîëüíîå L ñîîòâåòñòâóåò ky = 1.
Äèíàìè÷åñêèå ïåðåìåííûå: ux è x-ïðîåêöèÿ ω̂ ≡ k× û.
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Òðàíçèåíòûé ðîñò ñäâèãîâûõ âèõðåé (óñèëåíèå ñâèíãîì)

ky = 1, kz = 0:

dûx

dt
= −2q

k̃x

k2
ûx − R−1k2ûx ,

k̃x ≡ kx + qt, k2 ≡ 1 + k̃2x , R ≡
Ω0L2

ν
.

Â îòñóòñòâèå âÿçêîñòè äëÿ òóãî çàêðó÷åííîé ÏÔÃ kx � 1:

ûx =
kx

k̃2
äàåò g ≡

(û2x + û2y )|k̃x=0

(û2x + û2y )|t=0

= k2x .

Äèññèïàöèÿ îãðàíè÷èâàåò çàãðóòêó ÏÔÃ:

tv ' ttg ⇒ kx max = −sgn(q)(R|q|)1/3,

äàâàÿ íàèáîëüøåå óñèëåíèå ñâèíãîì:

gmax = (R|q|)2/3.

Â. Æóðàâëåâ è Ä. Ðàçäîáóðäèí Òðàíçèåíòíûé ðîñò êðîññ-ðîëëîâ



Òðàíçèåíòíûé ðîñò êâàçè-2D ñäâèãîâûõ âèõðåé

ky = 1, kz � 1 (òîëüêî çäåñü R →∞):

Ñèñòåìà óðàâíåíèé ðàñùåïëÿåòñÿ

dûx

dt
= −2

kz

k2 + k2z
ω̂x − 2q

k̃x

k2 + k2z
ûx ,

dω̂x

dt
= (2− q)kz ûx .

Óñêîðåíèå æèäêîñòè â âåðòèêàëüíîì íàïðàâëåíèè
íàâîäèòñÿ äèíàìèêîé óñèëåíèÿ ñâèíãîì.

Àíàëèòè÷åñêîå ðåøåíèå äëÿ ûz |t=0 = 0, (û2x + û2y )|t=0 = 1, kx � 1 è t →∞:

ûz → sgn(q)π kz |kx |
2− q

q
(ûx , ûy → 0).
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Òðàíçèåíòíûé ðîñò êâàçè-2D ñäâèãîâûõ âèõðåé
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dûx
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1) Ïî ìåðå óñèëåíèÿ ñâèíãîì êâàçè-2D ñäâèãîâûé âèõðü ïîðîæäàåò ñóùåñòâåííî
3D ðîëëû âûñîêîé àìïëèòóäû, îðèåíòèðîâàííûå â ðàäèàëüíîì íàïðàâëåíèè.

2) Åñëè óñëîâèå kz ≤ kz max(q) íàðóøåíî, òî óñèëåíèå ñâèíãîì ïîäàâëÿåòñÿ.
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gmax ≡ max{û2z } ≈ π2 k2z max(q,R) k2x max(q,R)

(
2− q

q

)
2

, ãäå

kz max ≈ 2−5/8π−3/8|q|7/8(2− q)−3/8R−1/8

: kz max(q = −4) . 1/2
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ûz → sgn(q)π kz |kx |
2− q

q
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Êðîññ-ðîëëû

Ñâåðõó: êðîññ-ðîëëû. Ñíèçó: ðîëëû (anti-lift-up)

Â. Æóðàâëåâ è Ä. Ðàçäîáóðäèí Òðàíçèåíòíûé ðîñò êðîññ-ðîëëîâ



×èñëåííûé ýêñïåðèìåíò

Ïîëó÷åíèå ÷èñëà Ðåéíîëüäñà R = RT äîêðèòè÷åñêîãî ïåðåõîäà ê òóðáóëåíòíîñòè.

q = −10.
Êóáè÷åñêàÿ ñ÷åòíàÿ îáëàñòü Lx = Ly = Lz = cs/(|q|Ω0) è RATH ≡ Ω0L2y/ν.

Çåëåíàÿ êðèâàÿ R = 1200; êðàñíàÿ êðèâàÿ R = 1400 (∼ +20%) ⇒ îöåíêà
RT = 1300.
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1) Ïðîèçâåäåíî êîäîì ATHENA íà êëàñòåðå �Ëîìîíîñîâ� â ÌÃÓ.
2) Ðàçðåøåíèå 1283.
3) Ïîñòàíîâêà ðàñ÷åòà àíàëîãè÷íî Lesur & Longaretti (2005).
4) α - ýôôåêòèâíîå âÿçêîå íàïðÿæåíèå â åäèíèöàõ äàâëåíèÿ.
5) Øòðèõ-ïóíêòèðíàÿ ëèíèÿ ñîîòâåòñòâóåò α = νrΩ′/c2s .

Â. Æóðàâëåâ è Ä. Ðàçäîáóðäèí Òðàíçèåíòíûé ðîñò êðîññ-ðîëëîâ



×èñëåííûé ýêñïåðèìåíò

Ñðàâíåíèå ñ ëèíåéíûì àíàëèòè÷åñêèì ðåøåíèåì: êóáè÷åñêàÿ ñ÷åòíàÿ îáëàñòü.
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Ãîëóáûå òî÷êè - ÷èñëåííûé ýêñïåðèìåíò.

Çåëåíàÿ êðèâàÿ - ïîñòîÿííûé ôàêòîð ðîñòà êðîññ-ðîëëîâ g = const,

ôèòèðîâàííûé ïî ýêñïåðèìåíòàëüíîé òî÷êå RT = 370000 äëÿ q = −4.

Ïëîõîå ñîîòâåòñòâèå

Â. Æóðàâëåâ è Ä. Ðàçäîáóðäèí Òðàíçèåíòíûé ðîñò êðîññ-ðîëëîâ



×èñëåííûé ýêñïåðèìåíò

Âûòÿãèâàåì ÿùèê âäîëü îñè âðàùåíèÿ.

1) q = −4.

2) lz ≡ Lz/Ly , Lx = Ly .

3) RT (lz = 1) = 370000.

4) RT (lz = 2) = 15000.
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×èñëåííûé ýêñïåðèìåíò

Ñðàâíåíèå ñ ëèíåéíûì àíàëèòè÷åñêèì ðåøåíèåì: âûòÿíóòàÿ ñ÷åòíàÿ îáëàñòü.
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Ñèíèå òî÷êè - ÷èñëåííûé ýêñïåðèìåíò.

Çåëåíàÿ êðèâàÿ - ïîñòîÿííûé ôàêòîð ðîñòà êðîññ-ðîëëîâ g = const,

ôèòèðîâàííûé ïî ýêñïåðèìåíòàëüíîé òî÷êå RT = 15000

äëÿ q = −4 â âûòÿíóòîì ÿùèêå.

Ïîðîãîâîå çíà÷åíèå ôàêòîðà ðîñòà êðîññ-ðîëëîâ ∼ 180.

Õîðîøåå ñîîòâåòñòâèå

Â. Æóðàâëåâ è Ä. Ðàçäîáóðäèí Òðàíçèåíòíûé ðîñò êðîññ-ðîëëîâ



Èòîãè I

Êâàçè-äâóìåðíûå ñäâèãîâûå âèõðè ïîðîæäàþò âòîðè÷íûå âèõðè,
îðèåíòèðîâàííûå âäîëü ñäâèãà ñêîðîñòè îáùåãî ïîòîêà, êîòîðûå ìû
íàçûâàåì �êðîññ-ðîëëàìè�.

Êðîññ-ðîëëû - åäèíñòâåííûå ñóùåñòâåííî òðåõìåðíûå âèõðè âûñîêîé
àìïëèòóäû, êîòîðûå ìîãóò îáðàçîâûâàòüñÿ çà ñ÷åò òðàíçèåíòíîãî
ðîñòà âîçìóùåíèé âî âñåì äèàïàçîíå öåíòðîáåæíî óñòîé÷èâûõ
âðàùàòåëüíûõ ñäâèãîâûõ ïîòîêîâ −∞ < q < 2.

Ìû ïðåäïîëàãàåì, ÷òî êðîññ-ðîëëû îòâåòñòâåííû çà äîêðèòè÷åñêèé
ïåðåõîä ê òóðáóëåíòíîñòè â ýòèõ ïîòîêàõ, ïîñêîëüêó:

Äëÿ −q ∼ 1 âûòÿãèâàíèå ñ÷åòíîé îáëàñòè âäîëü îñè âðàùåíèÿ ïîòîêà
ñóùåñòâåííî óñêîðÿåò âîçíèêíîâåíèå äîêðèòè÷åñêîé òóðáóëåíòíîñòè.

Ãèäðîäèíàìè÷åñêîå ìîäåëèðîâàíèå òóðáóëåíòíîñòè â òàêîé ñ÷åòíîé
îáëàñòè äàåò õîðîøåå ñîîòâåòñòâèå RT (q) ïîðîãîâîìó ôàêòîðó ðîñòà
êðîññ-ðîëëîâ ∼ 180.

Â. Æóðàâëåâ è Ä. Ðàçäîáóðäèí Òðàíçèåíòíûé ðîñò êðîññ-ðîëëîâ



Èòîãè II

Ïîäàâëåíèå ëèíåéíîãî ðîñòà êðîññ-ðîëëîâ â íàïðàâëåíèè ëèíèè
Ðýëåÿ, g ∼ (2− q)2/q2, åñòåñòâåííûì îáðàçîì îáúÿñíÿåò àñèììåòðèþ
â óñèëåíèè íåëèíåéíîé óñòîé÷èâîñòè ïîòîêà ïðè îòêëîíåíèè îò
ïëîñêî-ïàðàëëåëüíîãî ñëó÷àÿ, q = −∞, è îò ëèíèè Ðýëåÿ, q = 2.

Ïî íàøåé îöåíêå, íàèìåíüøåå RT ∼ 10
7 â êâàçè-êåïëåðîâñêîì ðåæèìå

äîëæíî äîñòèãàòüñÿ ïðè ñóá-êåïëåðîâñêîì ñäâèãå ñêîðîñòè q ≈ 1/2.

Åñëè ýòî ïîäòâåðäèòñÿ, äëÿ êåïëåðîâñêîãî ñäâèãà ñêîðîñòè RT ∼ 10
8.

Â. Æóðàâëåâ è Ä. Ðàçäîáóðäèí Òðàíçèåíòíûé ðîñò êðîññ-ðîëëîâ



Ñïàñèáî!
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